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Abstract The nature of nanoscale reinforcements in the

carbon nanotube composites indicates nanocomposite

properties are heavily dependent on the micro/nano-struc-

ture and morphology. Macroscopic parameter-based

properties estimation may lead to deviation as large as

30%. In this paper, a modified shear-lag model, combined

with probability statistical theory and composites mor-

phology, is established to investigate the elastic properties

of single wall carbon nanotubes (SWNTs)-reinforced

polymer composites. The computational results indicated

that elastic modulus of nanocomposite was remarkably

dependent on the micro/nano-structure, including diameter,

length, and orientation of the dispersed SWNTs. Micro-

structure-dependent shape factor and orientation effect

factor played a key role on achieving high-performance

nanocomposites. Elastic modulus of nanocomposite with

well-dispersed carbon nanotubes was more susceptible to

the orientation. Similarly, nanocomposite modulus was

more subject to the dispersion influence when SWNTs

were well-aligned. The maximal modulus was located in

the zone of small rope diameters and small orientation

angles when adequate interfacial bonding was provided.

The computational results were also compared with

experimental outcome and demonstrated good consistence.

Introduction

Since the discovery of carbon nanotubes (CNTs), it has

been investigated in a variety of fields including chemistry,

physics, material science, and electronics. CNTs are

molecular-scale tubes of graphitic carbon with outstanding

properties, such as exceptional elastic modulus, tensile

strength, unique thermal conductivity, and electrical con-

ductivity [1, 2]. Carbon nanotubes are the strongest fibers

that are currently known. The Young’s Modulus of single-

walled carbon nanotubes (SWNTs) has been calculated to

*1 TPa by taking wall thickness as 0.34 nm [3]. Due to

van der Waals interactions, SWNTs usually self-assemble

into SWNT ropes. The Young’s modulus of SWNT rope

composed of *1 nm diameter individual tubes have been

experimentally measured in the range of 600–700 GPa [4,

5]. The tensile strength of individual SWNT was theoret-

ically estimated to be *200 GPa [6], while experimental

measurement indicated that it was *50 GPa [7–9] for a

SWNT rope composed of several individual tubes with

1 nm diameter. Beside their well-known extra-high

mechanical properties, SWNTs offer either metallic or

semiconductor characteristics based on the chiral structure

of fullerene [10]. They also possess superior thermal and

electrical properties. For example, thermal conductivity is

about twice as high as diamond, and electric current car-

rying capacity is *1000 times greater than copper wire

[11]. These unique properties have inspired interest in

using CNTs as reinforcement in polymer composites to

acquire ultra-light structure materials with multifunctional

features, such as desired electromagnetic interference,

flame-retardant performance, or enhanced electrical con-

ductivity. SWNTs are regarded as the most promising

reinforcement material for the next generation of high-

performance structural and multifunctional composites.
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If the exceptional properties of SWNT could be effec-

tively incorporated into a polymer matrix, nanocomposites

can be achieved with lightweight and exceptional strength

and stiffness. The effective utilization of nanotubes for

composites applications depends on the ability to disperse

the nanotubes uniformly throughout the matrix. Carbon

nanotubes are anisotropic in nature. Therefore, it is very

important to take advantage of the nanotubes in the axial

direction, controlled tube orientation, or degree of align-

ment of nanotubes in the polymer matrix in order to realize

their exceptional mechanical and functional properties. In

addition, the smooth surface of CNTs also reduces the

load-transfer capacity and diminishes the nanocomposites

properties. Functionalization of CNTs is regarded as one of

the effective methods to improve the load-transfer so that

high-performance nanocomposites can be achieved.

Accurate models of how these issues influence the effective

properties of the SWNTs-reinforced polymer will be nec-

essary to optimize the fabrication and effective properties

of SWNTs polymer systems. A great deal of research has

addressed the effects of orientation and aspect ratio of short

fibers on the overall elastic moduli of composites, espe-

cially for the composites with aligned fibers and random-

oriented fibers. These methods include the dilute model

based on Eshelby’s equivalent inclusion [12–14], the self-

consistent model for finite-length fibers [15–17], the Mori–

Tanaka’s model [18–21], the Halpin–Tsai equation and its

extensions [22, 23], recent micromechanical model [24],

and Finite element based model [25]. However, most of

previous models simply take average diameter and length

of fibers to estimate the overall elastic moduli. The sim-

plifications in the prediction may lead to large deviation,

some times, more than 30% [26]. The classical shear-lag

model originated by Cox [27] was later elucidated by

Nayfeh [28], McCartney [29], and Nairn [30] in the context

of linear elasticity. Fukuda and kawaka [31] proposed a

simple model to estimate the composite elastics based on

the shear-lag theory. Jayaraman and Kortschot [32] have

found that there was a mistake in the calculation of the

force sustained by the fibers across the scan line in the

derivations of Fukuda and Kawaka. The average load-

direction component of the axial force is found by aver-

aging over all the fibers in the specimen rather than

averaging over the fibers that cross the scan line. The

magnitude of the error depends on the fiber orientation

distribution, length distribution, and the magnitude of the

shear-lag effect. Kallmes et al. [33] also investigated shear-

lag theory and used a paper physical approach (PPA) to

estimate the elastic modulus. It was found that the modulus

contribution from fibers would be negative by using PPA

method when orientation angle was larger than h = arcsin

[1/(1 + m12)]1/2, since the orientation factor was calculated

to be negative in this situation [16]. However, the off-axis

modulus of fibers should always be positive whatever the

orientation angle is [31]. Particularly, in the case of the

fiber orientation angle between the fiber-axis direction and

the applied strain direction being comparatively large, the

PPA method would be invalid in the predicting the elastic

modulus of composite. The experimental results [34] also

validated that the theoretical results predicted by PPA are

lower than the corresponding experiment data. The reasons

stem from the imprecise calculation for the off-axis stress

and possible negative value for the orientation factor in the

large orientation angle.

In this paper, the improved shear-lag model is further

modified for elastic modulus prediction by considering

both probability statistics theory and micro/nano-structure

of the nanocomposites. The influence of microstructure-

dependent shape factor and orientation factor on elastic

properties is further elucidated.

Theoretic modeling

For carbon nanotubes-reinforced nanocomposites, a carbon

nanotube with radius r is encased in a concentric cylin-

drical shell of matrix having radius R (Fig. 1).

The axial strain ezz and shear strain crz are given in the

terms of the displacement:

ezz ¼
ow

oz
ð1Þ

crz ¼
ou

oz
þ ow

or
ð2Þ

where u, w are the displacement in the z and r directions.

The strain in the axial direction can be given according

to the constitutive equations:

ezz ¼
1

E1

ðrzz � mðrrz þ rhhÞÞ ð3Þ

Fig. 1 A single carbon nanotube encased in the polymer matrix [27]
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where rzz and rrz are axial and radial direction stress,

respectively. rhh is the stress in the direction perpendicular

to the planes of rzz and rrz.

G1, G2 represent the shear modulus; E1, E2 denote the

Young’s modulus; m1, m2 denote the Poisson ratio in the two

main stress directions. The governing equations for axism-

metric problem, in a displacement formulation and in terms

of axis equilibrium, are given in the following equations:

osrz

or
þ orzz

oz
þ srz

r
¼ 0 ð4Þ

orrr

or
þ osrz

oz
þ rrr � rhh

r
¼ 0 ð5Þ

where

rzz ¼
o

or
c
o2W
or2
þ c

r

oW
or
þ d

o2W
oz2

� �
ð6Þ

srz ¼
o

or

o2W
or2
þ 1

r

oW
or
þ a

o2W
oz2

� �
ð7Þ

u ¼ b� 1

2G2

o2W
oroz

ð8Þ

The parameters of a, b, c, and d are defined as follows:

a ¼ �m1ð1þ m2Þ
1� m2

1
E2

E1

ð9Þ

b ¼
m2 � m1E2

E1

E1

G1
� m1

� �

1� m2
1
E2

E1

ð10Þ

c ¼
E1

G1
� m1ð1þ m2Þ

1� m2
1
E2

E1

ð11Þ

d ¼
E1

2G2
ð1� m2Þ

1� m2
1
E2

E1

ð12Þ

The stress function was given by [30]:

W ¼ f ðzÞ þ g1ðrÞzþ g2ðrÞ ð13Þ

where f(z) is a function only of z and g1(r), g2(r) are

functions only of r.

A common solution is given as follows [30]:

o2rf

oz2
� b2rf ¼ constant ð14Þ

where rf is the tensile strength of the fiber and b is the

parameter related to the materials properties. For the far

away from stress transfer zone, the fiber axial stress will

settle into the far-field stress, rf, and the derivative term

will be zero [30]. The constant must therefore be -b2rf.

The final equation, which is identical to Cox’s (1952)

equation, is

o2rf

oz2
� b2rf ¼ �b2rf1 ð15Þ

But the definition of b previously defined by Cox is

different

b2 ¼ 2

r2EfEm

EfV1 þ EmV2

V2

4Gf þ 1
2Gm

1
V2

ln 1
V1

� �
� 1� V2

2

� �
2
4

3
5 ð16Þ

where Ef, Em indicate the Young’s modulus of fiber and

matrix; V1, V2 represent the volume percentage of fiber and

matrix; Gf, Gm denote the shear modulus of fiber and matrix.

The Poisson ratio can also be derived by the following

equations:

v1 ¼
r2

R2
; v2 ¼

R2 � r2

R2
ð17Þ

Solving the Eq. 15 resulted in Eq. 18:

�rf ¼ Ef�e0 1� tanhðbl=2Þ
bl=2

� �
ð18Þ

�rf is the average tensile strength of the fiber, and �e0 is the

average strain. Ef is the Young’s modulus of the fiber and l

is the fiber length.

Assume the following formulation:

gL ¼ 1� tanhðbl=2Þ
bl=2

ð19Þ

Let Af denote the cross-section area of fiber, then the

load of the fiber in longitude direction can be formulated

as:

F ¼ Ef�e0AfgL ð20Þ

To redefine the shape factor and orientation factor, a

single misaligned fiber was considered. Similar to the

calculation of axis load, for a misaligned short-fiber with

an angle h between the referred x direction and fiber axis

direction, the applied force in the x-direction on this

individual fiber can be calculated as follows (Fig. 2):

Fx ¼ ExexgLðAfcos hÞ ð21Þ

Ex is the off-axis, Af is the cross-section area of the tube.

On the other hand, off-axis modulus Ex can be computed as

follows [33]:

1

Ex
¼ 1

E1

ðcos4hÞ þ 1

E2

ðsin4hÞ þ 1

G12

� 2m12

E1

� �
sin2h cos2h

ð22Þ

E1, E2 are the Young’s modulus in longitudinal and

transverse directions, respectively. G12 is the shear modu-

lus and m12 is the in-plane Poisson ration. h is the

orientation angle.
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Re-organizing Eq. 22 resulted in the solution of the off-

axis modulus:

Ex ¼
E1E2

E2cos2h cos2hþ E1

G12
� 2m12

� �
sin2h

� �
þ E1sin4h

ð23Þ

Fx ¼
E1E2

E2cos2h cos2hþ E1

G12
� 2m12

� �
sin2 h

� �
þ E1sin4h

� exgLAfcos h

ð24Þ

Considering a rectangular specimen with dimensions a1,

a2, and a3 (Fig. 3), the amount of the short-fibers with

length L and orientation h, can be calculated as:

N ¼ a1a2a3Vf f ðlÞgðhÞ
Af

�L
¼ a1a2a3Vf f ðlÞgðhÞ

Af
�L

ð25Þ

Then the number of fibers in the length of L and ori-

entation of h that cross the cross-section is:

N ¼ a1a2a3Vf f ðlÞgðhÞ
Af

�L
� L cos h

a1

¼ a2a3Vf f ðlÞgðhÞL cos h
Af

�L

ð26Þ

The total applied forced applied to fibers in x direction

on each layer can be formulated as:

Fx ¼
a2a3Vf f ðlÞgðhÞL cos h

Af
�L

� E1E2

E2cos2h cos2hþ E1

G12
� 2m12

� �
sin2h

� �
þ E1sin4h

� exgLAfcos h

ð27Þ

Then the total force sustained by fiber in x direction for

whole specimen can be calculated by:

Ffibers ¼
Zp=2

0

ZLmax

Lmin

a2a3Vf f ðlÞgðhÞL cosh
Af

�L

� E1E2

E2cos2h cos2hþ E1

G12
� 2m12

� �
sin2h

� �
þE1sin4h

�exgLAfcoshdL dh ð28Þ

Ffibers ¼
a2a3E1exVf

�L

ZLmax

Lmin

gLLf ðlÞdL

Zp=2

0

gðhÞcos2h

cos2h cos2hþ E1

G12
� 2m12

� �
sin2h

� �
þ E1

E2
sin4h

dh

ð29Þ

The whole force sustained by composite specimen can

be calculated as:

Fcomposite ¼ Ffibers þ Fresins ð30Þ

Fcomposite ¼
a2a3E1e0Vf

�L

ZLmax

Lmin

gLLf ðlÞdL

E2cos2hgðhÞ
E2cos2h cos2hþ E1

G12
� 2m12

� �
sin2h

� �
þ E1sin4h

dh

þ ð1� VfÞEmem � a2a3 ð31Þ

Ecom ¼
E1Vf

�L

ZLmax

Lmin

gLLf ðlÞdL

Zp=2

0

E2cos2hgðhÞ
E2cos2h cos2hþ E1

G12
� 2m12

� �
sin2h

� �
þ E1sin4h

dh

þ ð1� VfÞEm ð32Þ

Let

ks ¼
1

L

Z
1� tanhðbL=2Þ

bL=2

� �
Lf ðLÞdL ð33Þ

kO ¼
Zp=2

0

gðhÞcos2h

cos2hðcos2hþ m sin2hÞ þ n sin4h
dh ð34Þ

where

m ¼ E1

G12

� 2m12 ð35Þ

n ¼ E1

E2

ð36Þ

The modified Cox model was achieved by substituting

Eqs. 33 and 34 into Eq. 32:

θ

x

Fig. 2 A single misaligned carbon nanotubes aligned [32]

a1

a2

a3L

θ

Applied strain Applied strain 

Cross-section 

Fig. 3 The specimen of SWNTs/polymer composite
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Ecom ¼ kskoEfVf þ Emð1� VfÞ ð37Þ

In the previous experiments, we have measured length

distribution of carbon nanotubes through atomic force

microscopy (AFM). The measured length was used for the

Probability-Plot and it indicated that the length distribution

can be represented with Weibull distribution, as shown in

Fig. 4. This result was further confirmed by Chi-square

goodness-of-fit test [35].

Therefore, the length of carbon nanotubes can be

described by formation (38)

FðlÞ ¼
Z l

0

f ðxÞdx ¼
Z l

0

abxb�1e�axb

dx ¼ 1� expð�albÞ

ð38Þ

while
R1
0

f ðxÞdx ¼
R1
0

abxb�1e�axb
dx ¼ 1, a, b are the scale

parameter and shape parameter, respectively.

Hence, the size-dependent shape factor can be computed

as follows:

ks ¼
1

lmean

Zlmax

lmin

1� tanhðbl=2Þ
bl=2

� �
f ðlÞldl

¼ 1

lmean

Zlmax

lmin

1� tanhðbl=2Þ
bl=2

� �
ablbexpð�albÞdl ð39Þ

For aligned short-fiber composite, Kacir et al. [36]

propose the orientation can be approximated with a single

parameter exponent distribution. This assumption is well

matched with experiment results of the injection molding

and twin-screw extrusion. So the orientation factor can be

formulated as following:

gðhÞ ¼ k expð�khÞ ð40Þ

kO ¼
Zp=2

0

k expð�khÞcos2h

cos2hðcos2hþ m sin2hÞ þ n sin4h
dh ð41Þ

For a hexagonal fiber packing arrangement, the

following relationship exists [12]:

r

R
¼

ffiffiffi
3
p

Vf

2p

� �1=2

ð42Þ

R and r denote the fiber radius and the matrix radius of

cylindrical shell encasing a concentric fiber, respectively.

Vf denotes the volume percentage of carbon nanotubes.

Results and discussions

According to Eqs. 32–34, the elastic modulus of carbon

nanotubes-reinforced polymer composite is dependent on

the tube length distribution, tube dispersion, and tube ori-

entation distribution. Epoxy polymer composites were taken

as an example to analyze the effect of dispersion and orien-

tation on nanocomposite modulus. The following data were

used for the computation: E1 = 640 GPa, E2 = 15 GPa,

Em = 2.5 GPa [5]. The shear modulus of tube rope was

changed as a function of rope diameters according to the

experimental measurement [37], as shown in Fig. 5.

Orientation factor and shape factor were shown as

functions of alignment angle, rope diameter, and length of

the SWNTs (Fig. 6). Orientation factor increased with the

decrease of alignment angle. When alignment angle was

close to zero (zero means SWNTs are perfect aligned), the

orientation factor was approximated to one. Small-diameter

SWNTs seemed to be more sensitive to the orientation

change. A slight improvement in the alignment led to a

dramatic enhancement of orientation factor in the small-

diameter SWNT ropes than in large-diameter ropes. Sim-

ilarly, shape factor increased as rope diameter reduces.
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Fig. 4 Weibull probability plot for the distribution of carbon
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Fig. 5 Effect of rope diameter on the rope shear modulus
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Variance of the rope length also had a significant effect on

the shape factor. Even in the same dispersion condition,

long SWNT rope showed a much higher shape factor than

short one. Hence, long SWNTs were desired in the nano-

composite application due to the expected large

contribution to the mechanical properties.

The elastic modulus of nanocomposite was predicted

based on the modified rule of mixture (Eq. 37). Since

orientation factor was a function of orientation angle and

shape factor was a function of rope diameter, elastic

modulus was a function of both orientation angle and rope

diameter. The effects of SWNT dispersion and orientation

on modulus are shown in Fig. 7. Obviously, in the zone of

small diameter and low orientation angle, elastic modulus

of nanocomposite showed a large value. With 30 wt% tube

loading, well-dispersed and well-aligned SWNT composite

displayed a modulus as high as 175 GPa. This was about

ten times modulus of glass fiber composite. In the zone of

large diameter and large orientation angle, the graph sur-

face of elastic modulus was almost flat. An improvement of

alignment for large-diameter rope would not lead to a

significant enhancement in the modulus. Similarly, an

improvement of dispersion for large orientation would not

achieve a considerable change in the composite modulus.

As shown in Fig. 7, the nanocomposite modulus was

increased when rope diameter was diminished or orientation-

angle was reduced. Especially for small-diameter ropes, a

minor change of orientation would result in a dramatic

change in the modulus. Similar to the ropes with small

orientation angle, a slight modification of the rope diame-

ters resulted in substantial transformation in the modulus.

Therefore, small diameter ropes had much more contribu-

tion to the modulus than large-diameter ropes, and their

contribution was very sensitive to the orientation. Simi-

larly, small-orientation-angle SWNT ropes had much more

contribution than large-orientation-angle ones, their con-

tribution was also very sensitive to the dispersion results.

By projecting the 3D surface of modulus to the modu-

lus-orientation plane or modulus-rope diameter plane, the

effect of dispersion and alignment could be seen more

clearly. Figure 8a showed modulus of composite changes

as a function of orientation angle. When mean orientation

angle was getting less than 20�, a slight decrease in the

orientation angle would lead to a dramatic enhancement.

The smaller the rope diameter, the larger magnitude the

modulus changed. Elastic modulus, as function of rope

diameter, was shown in the Fig. 9a. The well-aligned

SWNT composite would lead to a considerable change of

modulus due to slight modification of the rope diameters.

The effects of tube loading were also plotted in Figs. 8b

and 9b. Obviously, well-aligned or well-dispersed SWNT

composites showed high growth coefficient with increasing

tube loading.
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The computational results were also compared with

experimental measurements. Shankar [38] achieved

aligned single-walled carbon nanotubes film under strong

magnetic field. The aligned SWNTs were further used to

fabricate epoxy nanocomposites. With a loading of *56%,

the measured storage modulus is around 47 GPa. The

average diameter of dispersed SWNTs is *4.5 nm and

average orientation is 39�. According to the above calcu-

lation, the prediction of modulus is 56 GPa. Therefore, the

computation result is consistent with the experimental

outcome.

Comparing the experimental and calculated results,

there is about 19% deviation. Interfacial bonding may be

an important explanation. In our modeling, a perfect

interfacial bonding is assumed, but it is very difficult for

nanocomposites to achieve perfect interface. Load-transfer

capacity may significantly compromise the expected

enhancement. Another possible reason may come from the

modulus prediction of nanotube ropes. Nanotube ropes are

composed of individual nanotubes, which are not in the

same length. Hence, nanotube ropes may not have uniform

diameters across the axis. In the theoretical calculation, all

the nanotube ropes are assumed to have uniform diameter

and accordingly generate some errors. In addition, the

orientation angle may not exactly follow the exponential

distribution. Assuming alignment follows exponential dis-

tribution may also lead to some errors. Even though these

kinds of issues affect the precision of the predictions, the

deviation is still in the range of acceptance.

Due to the extraordinary properties of carbon nanotubes,

they are actively being investigated for the composite

applications. Accurate models of how nanotube orientation

and dispersion influence the effective properties of the

SWNTs-reinforced polymer is necessary to optimize the

fabrication and effective properties of SWNT polymer

systems. In particular, modeling of effective behavior for
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SWNTs-reinforced composite is complicated by the range

of length scales characteristic of these materials. This

modified Cox model innovatively uses statistical theory to

address the effect of nanotubes morphology (diameter and

length) and alignments, and provides an acceptable pre-

diction on the composite modulus. We believe the

proposed modeling will provide valuable guidance for

nanocomposites manufacturing to realize their potential as

lightweight strong materials.

Conclusions

A modified Cox model was established to predict the

elastic modulus of SWNTs/polymer composite. The effects

of dispersion and orientation were thoroughly discussed.

The computational results indicated elastic modulus of

nanocomposite was maximized in the zone of small

diameter and low orientation angle. Small-diameter ropes

had much more contribution to the modulus than large-

diameter ropes, and their contribution was very susceptible

to the orientation. Similarly, SWNT ropes with small ori-

entation angle had much more contribution than those with

large-orientation-angle, and their contribution was corre-

spondingly very sensitive to the dispersion results. The

modeling and computational analysis provided in-depth

understanding on carbon nanotube/polymer systems and

will present valuable guidance to optimize the composite

fabrications for high performance.
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